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A new non-Hermitian chiral random matrix model is proposed. For three flavors, it is shown that
in the large-N limit with N the matrix size, the color SU(3) and the flavor SU(3) symmetries are
spontaneously broken to the diagonal SU(3) subgroup, realizing color-flavor locking. The nonlinear
sigma model representation is rigorously derived and compared with the CFL chiral Lagrangian
of QCD. For two flavors, the color SU(3) symmetry is shown to be spontaneously broken to SU(2)
while the chiral SU(2)L×SU(2)R symmetry remains intact, thus reproducing the symmetry breaking
pattern of the 2SC phase in QCD.
I. INTRODUCTION
Random matrix theory (RMT) enjoys broad applica-
tions in mathematics, physics, statistics, biology, infor-
mation theory and engineering [1–4]. In physics, RMT
has long been used to describe universal energy level fluc-
tuations of quantum-chaotic Hamiltonians [5, 6]. In nu-
clear and elementary particle physics, RMT having the
same global symmetries as QCD was employed to under-
stand various aspects of dynamical symmetry breaking
in low-energy hadron physics [7–9]. It is well established
that spontaneous breaking of chiral symmetry in QCD
with massless quarks is tightly linked to the accumula-
tion of near-zero eigenvalues of the Dirac operator [10].
The spectral fluctuations of Dirac eigenvalues on the scale
∼ 1/(V4Σ), with V4 the spacetime volume and Σ the chi-
ral condensate |〈ψψ〉|, are universal and can be described
exactly by chirally symmetric RMT [8, 11]. This limit of
QCD is known as the ε-regime [12–14].
If one wants to investigate nuclear and quark matter
present in the interior of compact stars, one has to in-
troduce a chemical potential µ; in this case the Dirac
operator is no longer anti-Hermitian and the eigenvalues
spread over the complex plane. An interesting question
to ask is whether the powerful framework of RMT can be
applied to QCD with chemical potential. In the regime
µ → 0 and V4 → ∞ with V4F 2piµ2 ∼ 1, with Fpi the pion
decay constant, much work has been done [15]. RMT
that explicitly includes µ was proposed [16, 17] and the
microscopic spectral functions were completely worked
out [17–19]. On the other hand, constructing RMT in
the dense regime µ 6= 0 is quite nontrivial, since just
making µ large in the models of [16, 17] does not make
sense. Progress has been made in [20] where RMT for
two-color QCD at high density µ  ΛQCD was identi-
fied. The exact microscopic spectral functions of this
model were analytically derived [21–23]. Later the con-
struction of [20] was generalized to adjoint QCD at high
density and QCD with large isospin chemical potential
[24]. A Banks-Casher-type relation that links the density
of complex Dirac eigenvalues at the origin to the BCS gap
∆ of quarks was also found for these QCD-like theories
[25] and was tested in lattice simulations [26]. Further-
more, RMT for the singular-value spectrum of the Dirac
operator was studied [27]. A common feature of these
QCD-like theories is that the condensate at high density
is color-singlet and does not induce color superconduc-
tivity. By contrast, in QCD with three colors, diquark is
not color-singlet and the color symmetry is spontaneously
broken at high quark chemical potential [28]. There are
many phases proposed to emerge on the phase diagram
of QCD [29–32]. In particular, in QCD with three de-
generate flavors, the ground state at asymptotically high
density and low temperatures is believed to be the so-
called color-flavor-locked (CFL) phase [33] characterized
by diquark condensates
〈ψafσ2ψbg〉 ∝ κ1δafδbg + κ2δagδbf (1)
where a, b are color indices and f, g are flavor indices. It
breaks the SU(3)color × SU(3)L × SU(3)R group down to
the diagonal SU(3)V group. All quarks and gluons are
gapped and the low-energy dynamics is dominated by
8 + 1 + 1 Nambu-Goldstone modes [34]. The ε-regime is
well-defined for the CFL phase and therefrom one may
derive infinitely many spectral sum rules for the complex
Dirac eigenvalues on the scale ∼ 1/√V4∆2 [35]. Except
for this, essentially nothing is known about statistical
properties of the Dirac operator at high quark density.
Because lattice simulations are beset with the notorious
sign problem, it is impossible to numerically probe this
regime.
In this paper we construct a new RMT that describes
dynamical locking of color and flavor symmetries [36]
due to diquark condensates of the form (1). We rig-
orously take the microscopic large-N limit and deter-
mine the quark-mass dependence of the partition func-
tion. The effective action starts at second order in
quark masses, implying that the chiral condensate van-
ishes. We show that the quark-mass dependence is con-
trolled by fluctuations of a soft mode that resides in
U(3), which can be interpreted as a color-singlet four-
quark field ψLψLψRψR + h.c. arising from the coupling
between a left-handed diquark and a right-handed di-
quark. This agrees with the physical picture of pions in
the CFL phase [37]. One salient feature of our RMT
is that there is no explicit parameter that corresponds
to the chemical potential, in stark contrast to previous
works [7, 16, 17, 38, 39]. The random matrix for the left-
handed sector is statistically independent of that for the
right-handed sector, making the Dirac matrix maximally
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2non-Hermitian. The decoupling of left and right quarks
in the chiral limit indeed occurs in high-density QCD [30]
and it is natural that our RMT reflects it. We note that
RMT for dense two-color QCD also had this feature [20].
This paper is organized as follows. In section II the
new matrix model is defined and basic properties are
stated. In section III the model for Nf = 3 is rewritten
with Hubbard-Stratonovich fields and the large-N limit
is taken. The color-flavor locking is demonstrated and
the sigma-model representation is derived. In section IV
the model for Nf = 2 is analyzed. The color symme-
try breaking SU(3)→ SU(2) is derived and the relevance
to the 2SC phase of QCD is discussed. We conclude in
section V.
II. THE MATRIX MODEL
The random matrix ensemble we propose is defined by
the partition function
Z =
∫ 8∏
A=0
dV A
∫ 8∏
A=0
dWA
∫
dX
∫
dY
×
Nf∏
f=1
det(D +mf112N )
× exp [− 2N Tr(V A†V A)− 2N Tr(WA†WA)
−N Tr(X†X)−N Tr(Y †Y )] (2)
where the “Dirac operator” D is a 12N × 12N matrix
defined as
D =
(
0 DR
DL 0
)
(3)
with
DL ≡ (CV A + V A∗C)⊗ λA + i(CX +X∗C)⊗ 13 , (4)
DR ≡ (CWA +WA∗C)⊗ λA + i(CY + Y ∗C)⊗ 13 . (5)
Here, V A,WA(A = 0, 1, · · · , 8), X and Y are 2N ×2N
complex matrices with independently and identically dis-
tributed matrix elements, C = iσ2 ⊗ 1N is a 2N × 2N
skew-symmetric martix, λa(a = 1, · · · , 8) are 3× 3 Gell-
Mann matrices normalized as Tr(λaλb) = 2δab, and
λ0 =
√
2
313. dV
A,dWA,dX and dY are flat Cartesian
measures. Since DL and DR are statistically indepen-
dent, D is maximally non-Hermitian. In the chiral limit
the model is evidently invariant under U(Nf )L×U(Nf )R.
In addition, there are two “color” SU(3)C symmetries
that act on the left and right sectors separately. They are
locked to the diagonal SU(3) subgroup by quark masses.
There is also a symplectic symmetry
V A → gV Ah†, X → gXh† (6)
WA → h∗WAgT , Y → h∗Y gT (7)
where g, h ∈ USp(2N), i.e.,
gTCg = hTCh = C, g†g = h†h = 12N . (8)
III. THREE FLAVORS
Let us cast the model for Nf = 3 into a form that
is more amenable to the large-N analysis. First we in-
troduce quarks ψafα and anti-quarks ψ
a
fα. Here and in
the following we label colors of quarks by a, b, c, d, e ∈
{1, 2, 3} and flavors by f, g, h, i, j ∈ {1, 2, 3}. The Greek
indices α, β, γ, δ run from 1 to 2N . The quark mass ma-
trix is defined as M = diag(m1,m2,m3). Then the de-
terminant can be expressed as a Grassmann integral
Z =
∫
dψRdψLdψRdψL
∫ 8∏
A=0
dV A
∫ 8∏
A=0
dWA
∫
dX
∫
dY
× exp [−2N Tr(V A†V A)− 2N Tr(WA†WA)−N Tr(X†X)−N Tr(Y †Y )]
× exp
[(
ψR
ψL
)a
fα
(
mfδαβδab (CW
A +WA∗C)αβλAab + i(CY + Y
∗C)αβδab
(CV A + V A∗C)αβλAab + i(CX +X
∗C)αβδab m∗fδαβδab
)(
ψL
ψR
)b
fβ
]
=
∫
dψRdψLdψRdψL
∫ 8∏
A=0
dV A
∫ 8∏
A=0
dWA
∫
dX
∫
dY exp
(
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
)
× exp
[
−2NV A∗αβ V Aαβ + ψ
a
Lfα(CαγV
A
γβ + V
A∗
αγ Cγβ)λ
A
abψ
b
Lfβ −NX∗αβXαβ + iψ
a
Lfα(CαγXγβ +X
∗
αγCγβ)ψ
a
Lfβ
]
× exp
[
−2NWA∗αβWAαβ + ψ
a
Rfα(CαγW
A
γβ +W
A∗
αγ Cγβ)λ
A
abψ
b
Rfβ −NY ∗αβYαβ + iψ
a
Rfα(CαγYγβ + Y
∗
αγCγβ)ψ
a
Rfβ
]
. (9)
It is tedious but straightforward to integrate out the
Gaussian random matrices V A,WA, X and Y . The re-
sult reads
Z ∝
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
3+
1
2N
(ψ
a
LfγCγαλ
A
abψ
b
Lfβ)(ψ
c
LgαCβδλ
A
cdψ
d
Lgδ)
− 1
N
(ψ
a
LfγCγαψ
a
Lfβ)(ψ
b
LgαCβδψ
b
Lgδ) + (L↔ R)
]
.
Next we use the relation λAabλ
A
cd = 2δadδbc to obtain
Z ∝
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
+
1
N
(ψ
a
LfγCγαψ
b
Lfβ)(ψ
b
LgαCβδψ
a
Lgδ)
− 1
N
(ψ
a
LfγCγαψ
a
Lfβ)(ψ
b
LgαCβδψ
b
Lgδ) + (L↔ R)
]
=
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
+
1
N
(δacδbd − δadδbc)δfhδgi
× (ψaLfγCγαψ
b
Lgα)(ψ
c
LhβCβδψ
d
Liδ) + (L↔ R)
]
=
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
+
1
2N
εabeεcde(δfhδgi − δfiδgh)
× (ψaLfγCγαψ
b
Lgα)(ψ
c
LhβCβδψ
d
Liδ) + (L↔ R)
]
(10)
=
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
+
1
2N
εabeεcdeεfgjεhij(ψ
a
LfγCγαψ
b
Lgα)(ψ
c
LhβCβδψ
d
Liδ)
+ (L↔ R)
]
. (11)
To bilinearize the quartic interaction we insert the con-
stant factor∫
d∆L exp
[
−2N
{
(∆L)
∗
ej −
1
2N
εcdeεhijψ
c
LhβCβδψ
d
Liδ
}
×
{
(∆L)ej − 1
2N
εabeεfgjψ
a
LfγCγαψ
b
Lgα
}]
×
∫
d∆R exp
[
−2N
{
(∆R)
∗
ej −
1
2N
εcdeεhijψ
c
RhβCβδψ
d
Riδ
}
×
{
(∆R)ej − 1
2N
εabeεfgjψ
a
RfγCγαψ
b
Rgα
}]
(12)
where ∆L,R are 3× 3 complex matrices. They transform
as triplet under both color SU(3) and flavor SU(3). Then
Z ∝
∫
d∆L
∫
d∆R
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα − 2N Tr(∆†L∆L)− 2N Tr(∆†R∆R)
+ εcdeεhijψ
c
LhβCβδψ
d
Liδ∆Lej + εabeεfgjψ
a
LfγCγαψ
b
Lgα∆
∗
Lej
+ εcdeεhijψ
c
RhβCβδψ
d
Riδ∆Rej + εabeεfgjψ
a
RfγCγαψ
b
Rgα∆
∗
Rej
]
(13)
=
∫
d∆L
∫
d∆R
∫
dψRdψLdψRdψL exp
[
−2N Tr(∆†L∆L)− 2N Tr(∆†R∆R)
]
× exp


ψL
ψR
ψL
ψR

a
fα

εabcεfgh∆
∗
LchCαβ 0 0 (M
†)fgδabδαβ/2
0 εabcεfgh∆
∗
RchCαβ Mfgδabδαβ/2 0
0 −(MT )fgδabδαβ/2 εabcεfgh∆LchCαβ 0
−M∗fgδabδαβ/2 0 0 εabcεfgh∆RchCαβ


ψL
ψR
ψL
ψR

b
gβ
.(14)
Now one can integrate out quarks and obtain a product
of Pfaffians:
Z ∝
∫
d∆L
∫
d∆R exp
[
−2N Tr(∆†L∆L)− 2N Tr(∆†R∆R)
]
× Pf
(
εabcεfgh∆
∗
LchCαβ (M
†)fgδabδαβ/2
−M∗fgδabδαβ/2 εabcεfgh∆RchCαβ
)
× Pf
(
εabcεfgh∆
∗
RchCαβ Mfgδabδαβ/2
−(MT )fgδabδαβ/2 εabcεfgh∆LchCαβ
)
(15)
=
∫
d∆L
∫
d∆R exp
[
−2N Tr(∆†L∆L)− 2N Tr(∆†R∆R)
]
× detN
(
εabcεfgh∆
∗
Lch (M
†)fgδab/2
−M∗fgδab/2 −εabcεfgh∆Rch
)
× detN
(
εabcεfgh∆
∗
Rch Mfgδab/2
−(MT )fgδab/2 −εabcεfgh∆Lch
)
. (16)
This is an exact rewriting of the original partition func-
tion and so far no approximation has been made. We
are now ready to take the microscopic large-N limit in
which M → 0 and N → ∞ such that NM2 ∼ 1. The
first step is to determine the saddle point in the chiral
limit. Setting M = 0 we find
Z ∝
∫
d∆L
∫
d∆R exp
[
−2N Tr(∆†L∆L)− 2N Tr(∆†R∆R)
]
× detN (εabcεfgh∆∗Lch)detN (εabcεfgh∆Lch)
× detN (εabcεfgh∆∗Rch)detN (εabcεfgh∆Rch) . (17)
4Note that εabcεfgh∆ch is regarded here as a 9 × 9 sym-
metric matrix with a left index (a, f) and a right index
(b, g). It holds that [40]
det(εabcεfgh∆ch) = −2(det ∆)3 . (18)
Hence
Z ∝
∫
d∆L
∫
d∆R exp
[
−2N Tr(∆†L∆L)− 2N Tr(∆†R∆R)
]
× det3N (∆†L∆L)det3N (∆†R∆R) . (19)
A singular value decomposition yields ∆L = uΛLv with
ΛL a diagonal matrix with non-negative entries and
u, v ∈ U(3), and likewise for ∆R. Then it follows that
the saddle point at large N is located at
ΛL = ΛR =
√
3
2
13 . (20)
This means that the SU(3) color symmetry and the SU(3)
flavor symmetry are spontaneously broken to the diago-
nal SU(3) subgroup, i.e., color-flavor locking.
The soft mode around the saddle point can be
parametrized in terms of unitary matrices U and V as
∆L =
√
3
2
U, ∆R =
√
3
2
V . (21)
(This V should not be confused with the random ma-
trix V A appearing in the Dirac operator D .) Now we
reinstate the quark masses and find
Z ≈
∫
U(3)
dU
∫
U(3)
dV detN
(
εabcεfghU
∗
ch (M
†)fgδab/
√
6
−M∗fgδab/
√
6 −εabcεfghVch
)
× detN
(
εabcεfghV
∗
ch Mfgδab/
√
6
−(MT )fgδab/
√
6 −εabcεfghUch
)
. (22)
The evaluation of these determinants needs some prepa-
ration. Let us define
Uaf,bg ≡ εabcεfghUch, (23)
Vaf,bg ≡ εabcεfghVch, (24)
U˜af,bg ≡ Uabδfg, (25)
V˜af,bg ≡ Vabδfg, (26)
Maf,bg ≡Mfgδab, (27)
Zaf,bg ≡ εabcεfgc, (28)
eiφU ≡ detU, (29)
eiφV ≡ detV. (30)
Then it holds that
U˜†U∗U˜∗ = e−iφU Z , (31)
V˜ TVV˜ = eiφV Z , (32)
V˜ †MU˜ = (V †U)⊗M . (33)
The proof is straightforward. For instance,
(V˜ TVV˜ )af,bg = (V˜ T )af,a′f ′Va′f ′,b′g′ V˜b′g′,bg (34)
= Va′aδff ′εa′b′cεf ′g′hVchVb′bδg′g (35)
= εfgh(εa′b′cVa′aVb′bVch) (36)
= εfghεabh detV (37)
= (detV )Zaf,bg . (38)
Using (31), (32) and (33) we find
det
( U∗ M†/√6
−M∗/√6 −V
)
det
( V∗ M/√6
−MT /√6 −U
)
= det
[(
U˜† 0
0 V˜ T
)( U∗ M†/√6
−M∗/√6 −V
)(
U˜∗ 0
0 V˜
)]
× det
[(
V˜ † 0
0 U˜T
)( V∗ M/√6
−MT /√6 −U
)(
V˜ ∗ 0
0 U˜
)]
= det
(
U˜†U∗U˜∗ U˜†M†V˜ /√6
−V˜ TM∗U˜∗/√6 −V˜ TVV˜
)
× det
(
V˜ †V∗V˜ ∗ V˜ †MU˜/√6
−U˜TMT V˜ ∗/√6 −U˜TUU˜
)
(39)
= det
(
e−iφU Z (U†V )⊗M†/√6
−(V TU∗)⊗M∗/√6 − eiφV Z
)
× det
(
e−iφV Z (V †U)⊗M/√6
−(UTV ∗)⊗MT /√6 − eiφU Z
)
(40)
= det(− e−iφU+iφV Z2
+ Z[(V TU∗)⊗M∗]Z−1[(U†V )⊗M†]/6)
× det(− eiφU−iφV Z2
+ Z[(UTV ∗)⊗MT ]Z−1[(V †U)⊗M ]/6) (41)
∝det
(
19 − ei(φU−φV )
×Z−1[(V TU∗)⊗M∗]Z−1[(U†V )⊗M†]/6
)
× det
(
19 − e−i(φU−φV )
×Z−1[(UTV ∗)⊗MT ]Z−1[(V †U)⊗M ]/6
)
. (42)
Now we take the scaling limit N →∞ with Mˆ ≡ √NM
fixed. The result is
Z ∼
∫
U(3)
dUˆ exp
(
− 1
6
Tr
{
Z−1(UˆT ⊗ MˆT )Z−1(Uˆ ⊗ Mˆ)
}
+ c.c.
)
(43)
where we have defined Uˆ ≡ e−i(φU−φV )/2 V †U . Using a
software [41] we find
Tr
{
Z−1(UˆT ⊗ MˆT )Z−1(Uˆ ⊗ Mˆ)
}
=
5
4
[Tr(MˆUˆ)]2 − Tr[(MˆUˆ)2] . (44)
5Thus
Z ∼
∫
U(3)
dUˆ exp
(
− 1
6
{
5
4
[Tr(MˆUˆ)]2 − Tr[(MˆUˆ)2]
}
+ c.c.
)
. (45)
Notably the linear term Tr(MˆUˆ) is absent, indicating
that the chiral condensate is vanishing in this model and
symmetry breaking is instead triggered by diquark con-
densates. As U (V ) represents fluctuations of the left-
handed (right-handed) diquark, respectively, the variable
Uˆ ∝ V †U can be interpreted as a color-singet four-quark
state, ψRψRψLψL + h.c.
It is of interest to compare our RMT partition function
(45) with the mass term of the chiral effective theory of
the CFL phase of QCD [42–44],
L = −3∆
2
4pi2
{
[Tr(MU)]2 − Tr[(MU)2]}+ c.c. (46)
which neglects the chiral condensate and the color-sextet
condensate for simplicity. (As for the validity of this
approximation, see [30] and references therein.) The nu-
merical factors in (45) and (46) are slightly different [45].
Where does this discrepancy come from? In the CFL
phase of QCD, the diquark condensate of the form (1)
with κ1 ≈ −κ2 develops. In contrast, our RMT hosts a
diquark condensate
〈ψafψbg〉 ∝
1
2
δafδbg − δagδbf . (47)
This can be verified with a quick calculation. For a
squared quark mass term, we have
(ψRMψL)
2 ∼ ψaRfψ
b
Rf ′ψ
a
Lgψ
b
Lg′MfgMf ′g′ (48)
∼
(
1
2
δafδbf ′ − δaf ′δbf
)(
1
2
δagδbg′ − δag′δbg
)
×MfgMf ′g′ (49)
=
(
5
4
δfgδf ′g′ − δfg′δf ′g
)
MfgMf ′g′ (50)
=
5
4
(TrM)2 − Tr(M2) . (51)
Thus the mass dependence of RMT (45) is reproduced.
The bottom line is that the requirement that color and
flavor be locked alone does not uniquely fix the form of
the chiral Lagrangian. Our RMT obeys exactly the same
pattern of symmetry breaking as the CFL phase of QCD,
and the difference is a purely quantitative one.
IV. TWO FLAVORS
We now discuss the case of two flavors. We shall be-
gin with (10) which is valid for an arbitrary number of
flavors:
Z ∝
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
+
1
2N
εabeεcde(δfhδgi − δfiδgh)
× (ψaLfγCγαψ
b
Lgα)(ψ
c
LhβCβδψ
d
Liδ) + (L↔ R)
]
.(52)
For two flavors there is an identity
εfgεhi = δfhδgi − δfiδgh , (53)
thus
Z ∝
∫
dψRdψLdψRdψL exp
[
ψ
a
RαMψ
a
Lα + ψ
a
LαM
†ψaRα
+
1
2N
εabeεcdeεfgεhi(ψ
a
LfγCγαψ
b
Lgα)(ψ
c
LhβCβδψ
d
Liδ)
+ (L↔ R)
]
. (54)
To bilinearize the quartic interaction we insert the con-
stant factor∫
C3
dΩL exp
[
− 2N
(
Ω∗Le −
1
2N
εcdeεhiψ
c
LhβCβδψ
d
Liδ
)
×
(
ΩLe − 1
2N
εabeεfgψ
a
LfγCγαψ
b
Lgα
)]
×
∫
C3
dΩR exp
[
−2N
(
Ω∗Re −
1
2N
εcdeεhiψ
c
RhβCβδψ
d
Riδ
)
×
(
ΩRe − 1
2N
εabeεfgψ
a
RfγCγαψ
b
Rgα
)]
(55)
where ΩL,R are complex three-component vectors that
transform as triplet under color SU(3). They are also
chaged under U(1)B and U(1)A. Then
Z ∝
∫
C3
dΩL
∫
C3
dΩR
∫
dψRdψLdψRdψL exp
[
− 2N(|ΩL|2 + |ΩR|2) + ψaRαMψaLα + ψ
a
LαM
†ψaRα
+ ΩLcεabcεfgψ
a
LfαCαβψ
b
Lgβ + Ω
∗
Lcεabcεfgψ
a
LfαCαβψ
b
Lgβ + (L↔ R)
]
(56)
6=
∫
C3
dΩL
∫
C3
dΩR
∫
dψRdψLdψRdψL exp[−2N(|ΩL|2 + |ΩR|2)]
× exp


ψL
ψR
ψL
ψR

a
fα

Ω∗LcεabcεfgCαβ 0 0 (M
†)fgδabδαβ/2
0 Ω∗RcεabcεfgCαβ Mfgδabδαβ/2 0
0 −(MT )fgδabδαβ/2 ΩLcεabcεfgCαβ 0
−(M∗)fgδabδαβ/2 0 0 ΩRcεabcεfgCαβ


ψL
ψR
ψL
ψR

b
gβ
 . (57)
The quarks can be readily integrated out and yield a
product of Pfaffians:
Z ∝
∫
C3
dΩL
∫
C3
dΩR e
−2N(|ΩL|2+|ΩR|2)
× Pf
(
Ω∗RcεabcεfgCαβ Mfgδabδαβ/2
−(MT )fgδabδαβ/2 ΩLcεabcεfgCαβ
)
× Pf
(
Ω∗LcεabcεfgCαβ (M
†)fgδabδαβ/2
−(M∗)fgδabδαβ/2 ΩRcεabcεfgCαβ
)
(58)
=
∫
C3
dΩL
∫
C3
dΩR e
−2N(|ΩL|2+|ΩR|2)
× detN
(
Ω∗Rcεabcεfg Mfgδab/2
−(MT )fgδab/2 −ΩLcεabcεfg
)
× detN
(
Ω∗Lcεabcεfg (M
†)fgδab/2
−(M∗)fgδab/2 −ΩRcεabcεfg
)
(59)
=
∫
C3
dΩL
∫
C3
dΩR e
−2N(|ΩL|2+|ΩR|2)
× det2N
(
Ω∗Rcεabc muδab/2
−mdδab/2 ΩLcεabc
)
× det2N
(
Ω∗Lcεabc m
∗
uδab/2
−m∗dδab/2 ΩRcεabc
)
(60)
=
∫
C3
dΩL
∫
C3
dΩR e
−2N(|ΩL|2+|ΩR|2)
×
[
mumd
4
(
Ω†RΩL −
mumd
4
)2]2N
×
[
m∗um
∗
d
4
(
Ω†LΩR −
m∗um
∗
d
4
)2]2N
(61)
∝ |mumd|4N
∫
C3
dΩL
∫
C3
dΩR e
−2N(|ΩL|2+|ΩR|2)
×
∣∣∣Ω†RΩL − mumd4 ∣∣∣8N . (62)
This is an exact rewriting of the original theory and no
approximation has been made yet. The fact that the
partition function vanishes with high powers of m in the
chiral limit indicates that there are a macroscopic number
of exact zero modes in this system.
Now we shall take the large-N limit. In the chiral limit
with masses factored out, we have
Z
|mumd|4N ∼
∫
C3
dΩL
∫
C3
dΩR e
−2N(|ΩL|2+|ΩR|2)
× ∣∣Ω†RΩL∣∣8N . (63)
Let us define
ΩL = ξvL, ΩR = ηvR, (64)
ξ ≥ 0, η ≥ 0, v†LvL = v†RvR = 1. (65)
Then
Z
|mumd|4N ∼
∫ ∞
0
dξ
∫ ∞
0
dη
∫
dvL
∫
dvR
× e−2N(ξ2+η2)(ξη)8N |v†RvL|8N . (66)
Extremization of the integrand yields
ξ = η =
√
2, vL = e
iϕ vR (67)
where eiϕ is an arbitrary U(1) phase. With a suitable
rotation in U(3)/U(2), vL can be brought to (1, 0, 0)T ,
hence the saddle point is given by
ΩL = (
√
2, 0, 0)T (68)
and likewise for ΩR. Obviously this breaks the color sym-
metry spontaneously as
SU(3)C → SU(2)C , (69)
but leaves the chiral symmetry SU(2)L × SU(2)R intact.
It is very pleasing to see that this breaking pattern is
identical to the 2SC phase of two-flavor QCD at high
density [28, 46, 47].
We proceed to the derivation of the action for the soft
mode ϕ, which is the Nambu-Goldstone mode associated
with the U(1)A symmetry. Plugging (67) into (62) yields
Z ∼ |mumd|4N
∫ 2pi
0
dϕ
∣∣∣2 eiϕ−mumd
4
∣∣∣8N . (70)
For N  1 with mˆu,d ≡
√
Nmu,d fixed, one gets
Z ∼ |mˆumˆd|4N
∫ 2pi
0
dϕ exp
(
−1
2
mˆumˆd e
−iϕ +c.c.
)
.
(71)
For real masses, a very concise expression is obtained:
Z ∼ |mˆumˆd|4NI0(mˆumˆd) (72)
where I0 is the modified Bessel function of the first kind.
This result looks a bit pathological, because in the limit
N →∞ the partition function either blows up to infinity
7or shrinks to zero depeding on the magnitude of |mˆumˆd|.
This is an inevitable consequence of the fact that only
quarks of two colors participate in Cooper pairing and
quarks of the third color remain gapless. They do not
decouple in the low-energy limit and make it hard to
define the ε-regime for the 2SC phase. A similar situation
arises in dense two-color QCD with an odd number of
flavors [20, 23, 48, 49].
V. SUMMARY AND OUTLOOK
In this paper, we put forward a novel RMT and ana-
lyzed its properties in the large-N limit. For three flavors,
we showed that the model exhibits a striking similarity to
the CFL phase of QCD in that the SU(3) color is broken
and gets locked to the flavor SU(3). For two flavors, we
showed that an isospin-singlet pairing of quarks occurs
and breaks the SU(3) color symmetry down to SU(2), in
analogy to the 2SC phase of QCD. This work opens up
an entirely new avenue to investigate color superconduc-
tivity in dense QCD.
A lot of work remains to be done. As one can see
from (11), in this work we have restricted ourselves to the
color and flavor-antisymmetric interaction only. Extend-
ing this by incorporating the color and flavor-symmetric
interaction is of much interest. This may help us identify
RMT that exactly reproduces the CFL chiral Lagrangian
(46). It would also be intriguing to numerically investi-
gate the spectrum of the random matrix Dirac operator
D . This would be much easier (at least in the quenched
limit) than analytically obtaining the microscopic spec-
tral density, which seems to be a gargantuan task given
the awful complexity of D .
It is well known that the CFL phase exhibits many fea-
tures that match the low-density hadronic phase of QCD,
and there is even a proposal that the two phases may
be continuously connected [50][51]. Therefore one may
wonder if our new RMT can be continuously deformed
into the conventional chiral RMT. Apparently this is
not a trivial task, since our model requires NM2 ∼ 1
in the large-N limit whereas in the conventional RMT
NM ∼ Nµ2 ∼ 1 where µ is a parameter that breaks anti-
Hermiticity of the Dirac operator. An insight comes from
the study of RMT for dense two-color QCD [23], where it
was found that results in the large-N limit of strong non-
Hermiticity (NM2 ∼ µ ∼ 1) can be recoverd from those
in the limit of weak non-Hermiticity (NM ∼ Nµ2 ∼ 1)
by first taking the limit N →∞ with Nµ2 fixed and then
taking the second limit Nµ2 →∞. A similar methodol-
ogy may work for our RMT as well. In fact, if
V A = −CWA†C (73)
X = CY †C (74)
holds, then D becomes anti-Hermitian. In this case we
conjecture that the ordinary pattern of chiral symme-
try breaking would be recovered, because the microscopic
limit is universal and independent of a detailed structure
of a random matrix [52]. If this is the case, then one may
break the above relations with a parameter µ and take
the limit N → ∞ with Nµ2 ∼ 1, followed by another
limit Nµ2 → ∞, to connect the two regimes. This intu-
itive speculation must be borne out by a more detailed
calculation.
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